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V. L. RVACHEV'S QUASI-GREEN'S FUNCTIONS METHOD 

IN THE THEORY OF HEAT CONDUCTION 

M. D. Martynenko and E. A. Gusak UDC 517.947.43 

We present a generalization of V. L. Rvachev's method of quasi-Green's func- 
tions in connection with the solution of mixed problems for the heat-conduc- 
tion equation in noncylindrical domains. 

Let ~ be a domain in a space of n + i dimensions (n = 2,t~), the boundary 8~(StQ + S t , + 
S B) of which is represented by the normalized equation m(P, = 0, where P is a polnt with 
the coordinates (xl, x2, ..., xn). We assume that ~(P, t) is twice continuously differen- 
tiable with respect to the spatial coordinates and once continuously differentiable with 
respect to t; moreover, ~(P, t) > 0 for all (P, t)E~/8~ [i]. 

In the domain ~ we consider the problem of finding a solution of the heat-conduction 
equation 

Lu = [ L = A a ~ Ot (1 )  

satisfying the conditions 

"1 ~,. -- o, (2 )  

~=~.  -- o. (3 )  

It was shown in [2] that an arbitrary solution of the heat-conduction equation (I), 
twice continuously differentiable with respect to (x I ..... x n) and continuously differen- 
tiable with respect to t, can be represented in the following form: 

(0o) . ~. ~t . - l )~  Ou u dS'dt'  + 
u(P ,  t ) - -  a')oj  .st: J V On' On" 

(~) 

~'-~)( �9 v Lu d~'dt', + S + S ,;; CS ':!; 6to "to Gt" 

where 
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( i )n0xp( r2)�9 
v = 6(P,  P ' ,  t, t') = 2a ] / ~ t ' )  4a ~  ; 
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is the fundamental solution of the heat-conduction equation. 

Green's second formula for Eq. (i) may be written 

,, . 
(n) ~ Ou u Og ~ dS'dt' + - -  d'c' + 

l;o 

w h e r e  M = A + 1 / a  a a / a t  i s  t h e  o p e r a t o r  a d j o i n t  t o  t h e  h e a t - c o n d u c t i o n  o p e r a t o r  L. 

I t  f o l l o w s  f r o m  Eqs. ( 4 )  and ( 6 )  t h a t  

i (n) ~  _ _  _ _  

t o  

t~(n--1) ( OU Og) (n) ~ (n) 
--a~5o s;: 5 ~ --u ,,S'd. + S;;; ,. 0.' 0.' Sugev- 3";; ~"gd~'+ 

:s2 ( .o0/ + t' 'S"~c~ ')"~'-~ J ;,: S '~ ~'~"~'+ 
" to On' On'] 

~ ( n - - 1 )  t 

+ S ('''," 5 ufd'd + J "sff S u6 cos (n*, t ) d S ' - - a 2 f , f  ~i',. j" f3Lud'ddt'. 
Gt~ " to 

(6)  

We rewrite the last relation in the form 

t 

to 

(n) . 

. ;.. j (g + 8) L.e~' et' 
t (n) (n) 

+ o ' f S . #  ... 
, "io a t o  ' 

0u o ] 
- a~ . 4; " (g + 6) ~ - u -- (g + ~) "4 an' 

+ 6)co~ ( : ,  t ) a s , -  f !''" S"gas"  
(7) 

As g we choose the function 

( )~ ( ri+4(~ t)C~ t') ) 1 exp -- -- . ( 8 )  g (P, P', t, t') -- 2a -I/~-(t --  t') 4a ~ (t --  t') 

By v i r t u e  o f  t h e  r e l a t i o n s  ,(5) and ( 8 )  we h a v e  

g + ~l t=t ' ,p~P'  = 0, g + 6] s B ~-O. ( 9 )  

We t h e n  o b t a i n  f rom t h e  r e l a t i o n  ( 7 ) ,  t a k i n g  i n t o  a c c o u n t  t h e  r e l a t i o n s  ( 1 ) - ( 3 )  and  ( 9 ) ,  

i o ' .  + (~ !~'0,, S"( ~', ")~((~-~', ~, " )~ '~" ,  (:o) . (P, t) : - a, ~ `~' ~ (g + ~):d~'dt' a' 
d Gt, , :  " to to 

where 

r ~ + 4o~ (P, t) ~ (P', t') ) o)(P, t) exp - -  X 
K (P, P' ,  t, t') = a 2 (t - -  t') (2al/~7(t -- t')) n 4a ~ (t -- t ') 

• [~(P,  t)(v~(P',  t ' ) )2-- r .v~(P,  t)--~(P', t ' ) _  M~(p,, l , ) ] .  
[ a s (t -- t') J 

Ordinary considerations [i] readily serve to establish the continuity of K(P, p,, t, t v ) 
in the domain ~; Eq. (i0), therefore, represents a Fredholm integral equation of the second 
kind for determining the solution of the initial problem (1)-(3). Established numerical 
methods [3] may be employed to solve Eq, (i0). 

This version of V. L. Rvachev's quasi-Green's function method may also be immediately 
generalized to the case of nonhomogeneous initial and boundary conditions. 
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NOTATION 

G, a finite domain of a three- or two-dimensional space; S, the piecewise-smooth 
boundary of the domain G; Gt, (Gt_), the spatial domain for t' = const (t o = const) with 
the boundary St,(St0) ; t, time; d~', area element of the boundary G; dT', volume element 
of the domain G; n' = n'(P', t'), inner normal to the boundary S t , at the point P'; r = 
~(x_x,)~ + (y_y,)2 + (z_z,)~ in the three-dimensional case, r = ~(x-x') 2 + (y_y,)2 in the 
two-dimensional case; n*, inner normal to the boundary of the domain ~; t, unit vector along 
the Ot axis. 
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